In this note an analytic integration is obtained for the differential equation governing the scalar-field-dependent mass in a hairy binary black hole model, in the context of the EinsteinMaxwell-dilation theory, which gives a closed-form formula-level description of the mass function. We also identify a particular solution which attracts all solutions of the mass-governing equation exponentially rapidly in large-dilaton-field limit.
In [1, 2] , the Einstein-Maxwell-dilation theory derived from string theory and governed by the action principle
is considered, where R is the Ricci scalar induced from the 4-dimensional Minkowski spacetime with metric g µν of signature (− + ++), F µν = ∂ µ A ν − ∂ ν A µ the Maxwell electromagnetic tensor associated with the gauge field A µ , ϕ a real scalar field, or the dilaton field, and a a fundamental coupling parameter which may be assumed to be positive without loss of generality. Using R µν to denote the Ricci tensor, ∇ µ the covariant derivative with respect to the spacetime metric, and = ∇ µ ∇ µ the d'Alembertian, the equations of motion of (1) are
∇ ν e −2aϕ F µν = 0,
It is obtained in [2] that the most general static and spherically symmetric solutions which are asymptotically flat and possess regular horizons give rise to a class of electrically charged nonrotating black hole metrics characterized by three integration parameters among which two positive ones, r + and r − , correspond to the outer and inner horizons, respectively, and the third one, ϕ 0 , represents the background value of the dilaton field. Specifically, following the presentation in [2] [3] [4] [5] , these free parameters determine the ADM mass M , electric charge Q, and dilaton scalar charge D (the "hair") by the expressions
respectively, such that the solutions to the Einstein-Maxwell-dilaton equations (2)- (4) in terms of the metric tensor g µν , the gauge field A µ , and the dilaton scalar field ϕ are given by
with
with dΩ 2 the line element of S 2 in terms of the polar and azimuthal angles. From the relations (5)-(7), we get
so that the outer and inner horizon radii may be rewritten as [5] 
which will be used to deduce the mass-governing equation of our interest. Following [4, 5] and the references therein, the action principle of the Einstein-Maxwell-dilaton theory in the presence of a collection of ϕ-dependent massive and electrically charged point particles, labeled by A, with mass m A (ϕ), constant charge q A , and 4-coordinates x µ A , expands that of (1) to read
where ds A = −g µν dx µ A dx µ A , such that the field equations of motion are updated to be [4] :
where T A = g µν T A µν is the contracted energy-momentum tensor. Thus, the massive and electrically charged point particles generate sources to alter the dynamics of the fields, where T A µν is the energymomentum tensor associated with the Ath body and given as
which relies on the dilaton field dependent mass m A (ϕ) explicitly. Our main interest here is an analytic determination of the function m A (ϕ). Following [4, 5] , the dilaton field dependent mass, m A (ϕ), may be determined through a match-
, and replacing the background value of the dilaton scalar ϕ 0 with its generic value ϕ, leading to the following fully nonlinear differential equation [4] :
Thus, resolving the derivative by quadrature and suppressing the subscript A, we arrive from (21) at the equation
which is seen clearly to be non-separable in its present form. Both choices of sign in the equation are of interest. In [4] , a systematic study is carried out for the critical case, a = 1, where the solution is exactly known, and for the generic case, a = 1, using numerical solutions. In [5] , the authors consider (22) with minus sign, namely, the equation
and state that no analytic solution of this equation is known for arbitrary values of a except for the limiting situation a = 1 (which is understood to be contained in (21)). Nevertheless, in this note, we shall present a complete analytic integration of the equation (21), or its quadratically resolved version (22), for arbitrary a = 1. The equation (22) is no longer fully nonlinear but it remains non-separable. A key step in our method is to make it separable first.
We begin by considering (22) with negative sign, which is (23). First, we notice that the form of the equation (23) mandates the natural constraint
for the mass function m(ϕ), which will be observed in the subsequent discussion. Furthermore, it is easily seen that, for any a = 1, the right-hand side of (23) never vanishes. In fact, it always stays positive. In particular, m(ϕ) increases with respect to ϕ in all situations.
To proceed, we rewrite (23) as
Now set u(ϕ) = m(ϕ)e −aϕ to recast (25) into
which can further be put into an equation with separated variables as follows of the form
where
The equation has exactly one equilibrium at
giving rise to an analytic solution for the mass function:
(Negative equilibrium is irrelevant for our problem and thus discarded.) It is readily examined that the solution (29) fulfills the constraint (24). (Note that this solution may also be deduced with the ansatz m(ϕ) = Ce aϕ in (21) for arbitrary a including a = 1.) In order to get other solutions of the equation (27), we consider the initial-value condition
That is, we consider non-equilibrium solutions of (27). Thus, the right-hand side of (27) is nonzero which allows us to recast the equation into
(i) Assume a < 1. Then λ 2 > 0. So in view of (24), we have
Thus we may introduce the new variable
Consequently the integration of the left-hand side of (31) reads
Write
Then 0 < w − < w + which leads to the following standard partialfractional decomposition
It is worth to note that w + > 1 and w − corresponds to the equilibrium (28). That is, we have
In other words, w = w − , 0 < w − < 1, is the only singular point in the integrand of (34) which should be attended. Hence, inserting (35) into (34), and with the observation (30) such that
we obtain the integration of (27) to be
In particular, we obtain the asymptotic behavior w(ϕ) → w − as ϕ → ∞, leading to
So, as a by-product, the analytic solution (29) is identified as the large dilaton field limit of all solutions to the mass governing equation (23) when a < 1.
It may be useful to obtain some estimate for the convergence result (41). In fact, from (38), we can get for ϕ large the asymptotic estimate
Inserting this result back to u(ϕ), we obtain
Therefore, applying (43) to the relation m(ϕ) = u(ϕ)e aϕ , we find
(ii) Assume a > 1. Set σ 2 = (a 2 − 1)q 2 = −λ 2 and rewrite the integration of the left-hand side of (31) as
where we have set
Note that the only singular point in the integrand of (45) involving the variable w occurs at w = κ which corresponds to (28) again. Thus, with
we arrive at the solution
Hence, again, w(ϕ) → κ as ϕ → ∞. That is, the same asymptotic behavior (41) holds as in the situation a < 1. Moreover, using (48), we may readily deduce the same precise asymptotic estimates (42)-(44) for our solution here.
As an illustration, we present in Figure 1 a plot of the slope field distribution of the reduced mass-function equation (27) with the data q = 1, a = √ 3 such that the equilibrium (28) is u = The field is depicted over the region 0 < ϕ < 4, 0 < u < 1. All "trajectories" converge to the horizontal centerline monotonically. We now consider (22) with plus sign:
As before, we may set u(ϕ) = m(ϕ)e −aϕ and λ 2 = (1 − a 2 )q 2 to transform (51) into a separable equation,
It is interesting to note that, unlike before, this equation has no positive equilibrium. Integrating (52), we have
We again consider two cases.
(iii) If a < 1, then we use
to recast the left-hand side of (53) into
The second factor in the denominator of the integrand has roots w ± = 1 a 2 −1 ± √ 1 − a 4 , both being negative and hence of no concern for the interest of our problem. Thus, for any initial value
we can carry out the integration (55) to get the solution to be
(iv) If a > 1, we set σ 2 = (a 2 − 1)q 2 = −λ 2 (σ > 0) and
to transform the integral I in (53) into
which is the same as (45). Hence we arrive at the solution (48) with arbitrary initial condition (49) (without the restriction (47) since (52) has no equilibrium for the interest of our problem) and
In conclusion, for the dilaton mass equation (22) with the minus sign, i.e., the equation (23), for any a > 0, a = 1, the mass function m(ϕ) governed by the equation is given by the formulas
when a < 1, and
when a > 1, both with m 0 = m(ϕ 0 ) = qe aϕ 0 √ 1+a 2 . Moreover, the mass function m(ϕ) in both cases assumes its asymptotic form
exponentially rapidly, in the sense that
On the other hand, for the dilaton mass equation (22) with the plus sign, i.e., the equation (51), the situation is much different. In this situation, for any a > 0, a = 1, the transformed equation (52) has no equilibrium, or equivalently, (51) has no particular solution of the form Ce aϕ , and the mass function m(ϕ) governed by the equation is given by the formulas
when a > 1. In this situation, the initial value condition has no restriction and may be arbitrarily prescribed.
It will be useful to show how the analytic solutions obtained in this note help with gaining a precise knowledge on the mass function despite the complexity of the formulas (63)- (66) and (69)- (72) given in various cases. Indeed, since these formulas are implicit in the mass function m(ϕ), it is not a transparent task to describe how m(ϕ) depends on ϕ. Nevertheless, since in all cases the intermediate variable w depends on ϕ monotonically, we may acquire the dependence knowledge of the mass function on the dilaton field ϕ through its dependence relation on w relatively much more easily and straightforwardly, as we now demonstrate.
To illustrate, we consider the richer minus-sign equation (23), which reduces to (27), and choose the data ϕ 0 = 0, q = 1, a = √ 3, such that the equilibrium solution for (27) is u = 1 2 . That is, we need to consider solutions satisfying m 0 = m(0) = 1 2 in order to stay away from the resulting particular solution (i.e., the equilibrium). In our approach here, we use (48) to determine the range of w between its initial state and its asymptotic state as ϕ → ∞, which happens to be 1, and then apply (46) to obtain how m depends on w directly, which is given by the explicit formula
We first present the solution with m = 1 when ϕ = 0. In this situation, the initial state of w is √ 3 − 1 in view of (46) since u = 1 when ϕ = 0. Thus we obtain the range of w to be
In Figure 2 , we plot the solution represented with the long-dash curve and compare it with the particular solution m(w) = 1 2 e aϕ(w) represented with solid curve. Initially these two solutions are far apart. However, as w tends to its limiting value w = 1 (as ϕ → ∞) from below, the two curves stay arbitrarily close to each other rather rapidly. We next present the solution with m = 0 when ϕ = 0. In this situation, the initial state of w is √ 2 in view of (46) since u = 0 when ϕ = 0. So we obtain the range of w to be
In Figure 3 , we plot the solution represented with the long-dash curve and compare it again with the particular solution m(w) = 1 2 e aϕ(w) represented with solid curve. These two solutions are initially far apart. As w tends to its limiting value w = 1 (as ϕ → ∞) from above, the two curves converge to each other exponentially fast as before. Finally, we study the situation of the choice of the plus sign in (22). For simplicity, we consider the solution discussed in (iv) with a > 1. Now, with the variable w given in (60), the equation (52) becomes dw dϕ = − a (a 2 − 1) w (a 2 + 1)w 2 − (a 2 − 1) 2 q 2 (w 2 + (a 2 − 1)q 2 ) .
From w ≥ σ = √ a 2 − 1 q for u ≥ 0, we have
leading to dw dϕ < 0 by virtue of (76), which may then be strengthened into dw dϕ ≤ − 2a √ a 2 − 1 q 3 w 2 0 + (a 2 − 1)q 2 , w 0 = w(ϕ 0 ).
This bound implies that there is a finite "later" stage, ϕ 1 > ϕ 0 , at which w(ϕ 1 ) = σ, where w(ϕ) solves (76) with w(ϕ 0 ) = w 0 > σ or u(ϕ 0 ) > 0. Beyond ϕ 1 , w(ϕ) < σ such that u(ϕ) < 0 so that u(ϕ) ceases to be meaningful for our problem since u(ϕ) is related to the dilaton mass by the expression u(ϕ) = m(ϕ)e −aϕ , which is supposed to assume non-negative values. Therefore, in the present circumstance, the range of w is identified to be
Thus we may use (48)-(49) over the range (79) to gain knowledge on ϕ and then (60) to obtain the mass function as m(w) = w 2 − σ 2 2w e aϕ(w) .
With the above preparation, we are ready to present an example as another illustration. We choose again ϕ 0 = 0, q = 1, a = √ 3. Hence σ = √ 2. Set m 0 = 1. Then, in correspondence, we have w 0 = 1 + √ 3. Inserting these data into (79) and (80), we arrive at the solution shown in Figure 4 which shows that as ϕ increases the dilaton mass starting from a positive value decreases gradually to zero. Figure 4 : In this example, the dilaton mass assumes a positive initial value and eventually decreases to zero at a finite later value of the dilaton field ϕ. The figure shows that, with a = √ 3 and q = 1, as ϕ increases, the intermediate variable w decreases from its initial value 1 + √ 3 to its terminal value σ = √ 2, which forces m vanish then.
